
The relevance of quasi-probability representations to
quantum information theory

Chris Ferrie

Department of Applied Mathematics and Institute for Quantum Computing
University of Waterloo

Waterloo, Ontario, Canada, N2L 3G1

July 23, 2010



Big question

The long term goal of the proposed research is to develop new tools to
study the differences in the quantum and classical aspects of quantum
dynamical maps that are essential for quantum computation and quantum
information theory. These tools should provide new insights into the
necessary and sufficient conditions for quantum information to provide an
advantage over classical information.

Are quasi-probability representations good tools?
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Operational models

(P ,M, K, {Pr(k|P ∧M)})

R. W. Spekkens, Contextuality for preparations, transformations, and unsharp measurements, Physical Review A 71,
052108+ (2005).

N. Harrigan and T. Rudolph, Ontological models and the interpretation of contextuality, arXiv:0709.4266 (2007).
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Quantum modeling

Quantum theory is an instance of an operational model:

P ∈ P 7→ ρP ∈ D(H).

(M,k) ∈M×K 7→ EM,k ∈ E(H).

Pr(k|P ∧M) = Tr(ρpEM,k).
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Ontological models

(P ,M, K,Λ, {Pr(λ|P )}, {Pr(k|M∧λ)})

Ontic space: Λ.

P 7→ Pr(λ|P ).

(M,k) 7→ Pr(k|M ∧ λ).

Pr(k|P ∧M) =
∑

λ Pr(k|M ∧ λ) Pr(λ|P ).

R. W. Spekkens, Contextuality for preparations, transformations, and unsharp measurements, Physical Review A 71,
052108+ (2005).

N. Harrigan and T. Rudolph, Ontological models and the interpretation of contextuality, arXiv:0709.4266 (2007).

N. Harrigan, T. Rudolph, and S. Aaronson, Representing probabilistic data via ontological models, arXiv: 0709.1149
(2007).
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Non-contextuality

A property of an ontological model:

Preparation non-contextual if

Pr(k|P ∧M) = Pr(k|P ′ ∧M)⇒ Pr(λ|P ) = Pr(λ|P ′).

Measurement non-contextual if

Pr(k|P ∧M) = Pr(k|P ∧M ′)⇒ Pr(k|M ∧ λ) = Pr(k|M ′ ∧ λ).

The model is called a non-contextual ontological model if it is
both preparation and measurement non-contextual.

R. W. Spekkens, Contextuality for preparations, transformations, and unsharp measurements, Physical Review A 71,
052108+ (2005).
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Beltrametti-Bugajski model

A non-contextual ontological model of pure state quantum models:

Λ = H.

Pr(λ|P ) = δ(λ− ψP ).

Pr(k|M ∧ λ) = Tr[|λ〉〈λ|EM,k].

Pr(k|P ∧M) =
∑

λ Pr(k|M ∧ λ) Pr(λ|P ).

N. Harrigan and T. Rudolph, Ontological models and the interpretation of contextuality, arXiv:0709.4266 (2007).
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Classical representations

Theorem

Suppose the ontological model (P,M,K,Λ, {Pr(λ|P )}, {Pr(k|M ∧ λ)})
of the full quantum theory is preparation non-contextual. Then, there
exists a affine mapping µ : Ran(ρ)→ Prob(Λ) satisfying
µ(ρP ) = Pr(λ|P ).

Similarly there exists an affine map ξ(EM,k) = Pr(k|M ∧ λ) together with
µ satisfy:

µρ(λ) ∈ [0, 1] and
∑

λ µρ(λ) = 1,

ξE(λ) ∈ [0, 1] and ξ1(λ) = 1,

Tr(ρE) =
∑

λ µρ(λ)ξE(λ).

C. Ferrie and J. Emerson, Framed Hilbert space: hanging the quasi-probability pictures of quantum theory, New Journal
of Physics 11, 063040+ (2009).
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Negativity, non-classicality and contextuality

Theorem

A classical representation of quantum theory does not exist.

R. W. Spekkens, Negativity and Contextuality are Equivalent Notions of Nonclassicality, Physical Review Letters 101,
020401, (2008).

C. Ferrie and J. Emerson, Frame representations of quantum mechanics and the necessity of negativity in
quasi-probability representations, Journal of Physics A: Mathematical and Theoretical 41, 352001, (2008).

C. Ferrie and J. Emerson, Framed Hilbert space: hanging the quasi-probability pictures of quantum theory, New Journal
of Physics 11, 063040+ (2009).

C. Ferrie and R. Morris, Framing Hilbert space: building the quasi-probability representations to infinity,
arXiv:0910.3198 (2009).
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Non-contextuality

Chris Ferrie (IQC) July 23, 2010 10 / 30



Non-contextuality
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Non-non-contextuality
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Non-non-contextuality
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Non-non-contextuality
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1000 word proof
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1000 word proof
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Quasi-probability representations

Take a classical representation:

µρ(λ) ∈ [0, 1] and
∑

λ µρ(λ) = 1,

ξE(λ) ∈ [0, 1] and ξ1(λ) = 1,

Tr(ρE) =
∑

λ µρ(λ)ξE(λ).

and relax it:
A quasi-probability representation of quantum theory is a pair of affine
mappings µ and ξ which satisfy:

µρ(λ) ∈ R and
∑

λ µρ(λ) = 1,

ξE(λ) ∈ R and ξ1(λ) = 1,

Tr(ρE) =
∑

λ µρ(λ)ξE(λ).

C. Ferrie and J. Emerson, Framed Hilbert space: hanging the quasi-probability pictures of quantum theory, New Journal
of Physics 11, 063040+ (2009).
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Quasi-probability functions

C. Ferrie and J. Emerson, Framed Hilbert space: hanging the quasi-probability pictures of quantum theory, New Journal
of Physics 11, 063040+ (2009).
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Examples

C. Miquel et al, Interpretation of tomography and spectroscopy as dual forms of quantum computation, Nature 418, 59
(2002).

L. K. Shalm, R. B. A. Adamson and A. M. Steinberg, Squeezing and over-squeezing of triphotons, Nature 457, 67
(2009).
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Negativity as quantumness
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Negativity as quantumness
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Negativity as quantumness
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Negative about negativity

A state with negativity in one representation is positive in another
(and vice versa).

Negativity per se is not a good notion of quantumness.

⇒ States aren’t “quantum”, it’s what you do with them!

Non-locality lead to idea of entanglement as a resource.

Can negativity do the same?
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Yes!

Negativity and contextuality are “equivalent”.
Preparation contextuality leads to the idea of random access codes as
a resource.

R. W. Spekkens, Negativity and Contextuality are Equivalent Notions of Nonclassicality, Physical Review Letters 101,
020401, (2008).

R. W. Spekkens, D. H. Buzacott, A. J. Keehn, B. Toner, and G. J. Pryde, Preparation Contextuality Powers
Parity-Oblivious Multiplexing, Physical Review Letters 102, 010401+ (2009).
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Half full or half empty?

The good:

Visualize quantum states removed of complex numbers.

Exploit the contextuality connection.

The bad:

Attempt to gain intuition from using a discrete phase space.

The ugly:

Define “quantumness” as negativity in a particular representation.
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Thank you!


