
Need a way to deal with symmetry breakingNeed a way to deal with symmetry breaking……

Part 2: Mostly Dynamical Decoupling Part 2: Mostly Dynamical Decoupling 



NMR to the Rescue: 
Removal of Decoherence via Spin Echo=Time Reversal

Hahn spin echo idea



Dynamical Decoupling Basics
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“Time reversal” Dynamical Decoupling pulse sequence:
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Heisenberg is Heisenberg is ““SuperSuper--UniversalUniversal””

Same method works, e.g., for Same method works, e.g., for spinspin--coupled coupled 
quantum dotsquantum dots QC: QC: ( )1 2 1 2 1 2HeisBy BB pulsing of 

col decoherenclective  conditions can be c
2

reat :e ed

y yx x z zJH σ σ σ σ σ σ= + +

Details: L.-A. Wu, D.A.L.,  , 207902 

Requires sequence of 6 /2 pulses to create collective decoherence
conditions over blocks of 4 qubits. Leakage elimination requires 7 more pulses.

Phys. Rev. Lett.

π

88 (2002); L.A. Wu, M.S. Byrd, D.A.L.,  , 127901 (2002).Phys. Rev. Lett. 89

Earlier DFS work showed universal QC with Heisenberg 
interaction alone possible [Bacon, Kempe, D.A.L., Whaley, Phys. Rev. Lett. 85, 1758 (2000)]
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Analysis of Dynamical Decoupling

We’ll need a formal detour…



Decoherence: Isolated vs Open System Evolution

Isolated system: H = HS

|ψ(t)i = US(t)|ψ(0)i U̇S = −iHSUS US(0) = I

equivalently: |ψ(t)ihψ(t)| = US(t)|ψ(0)ihψ(0)|U †S(t)
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Open system: H = HS +HB +HSB

ρSB(t) = U(t)ρSB(0)U
†(t) U̇ = −iHU U(0) = I

ρS(t) = TrBρSB(t)

6= unitary tranformation of ρS(0)
(except when there is a decoherence-free subspace)
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Decoherence: Isolated vs Open System Evolution

Isolated system: H = HS

|ψ(t)i = US(t)|ψ(0)i U̇S = −iHSUS US(0) = I

Open system: H = HS +HB +HSB

ρSB(t) = U(t)ρSB(0)U
†(t) U̇ = −iHU U(0) = I

ρS(t) = TrBρSB(t)

6= unitary tranformation of ρS(0)
(except when there is a decoherence-free subspace)

kρS(t)− |ψ(t)ihψ(t)|k > 0decoherence:

which norm?

equivalently: |ψ(t)ihψ(t)| = US(t)|ψ(0)ihψ(0)|U †S(t)



Kolmogorov Distance and Quantum Measurements (I)

Given two classical probability distributions {p(1)i } and {p(2)i },
their deviation is measured by the Kolmogorov distance

D(p(1), p(2)) ≡ 1
2
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Kolmogorov Distance and Quantum Measurements (I)

A quantum measurement can always be described in terms of a POVM
(positive operator valued measure), i.e., a set of positive operators Ei
satisfying

P
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Kolmogorov Distance and Quantum Measurements (I)

A quantum measurement can always be described in terms of a POVM
(positive operator valued measure), i.e., a set of positive operators Ei
satisfying

P
iEi = I, where i enumerates the possible measurement

outcomes.
For a system initially in the state ρ, outcome i occurs with probability

Thus quantum measurements produce classical probability distributions.

pi = Pr(i|ρ) = Tr(ρEi)

Given two classical probability distributions {p(1)i } and {p(2)i },
their deviation is measured by the Kolmogorov distance

Consider two quantum states ρ(1)[= |ψ(t)ihψ(t)|] and ρ(2)[= ρS(t)]

D(p(1), p(2)) ≡ 1
2

P
i |p(1)i − p(2)i |



Kolmogorov Distance and Quantum Measurements (II)

Compare measurement outcomes of same POVM on
ρ(1)[= |ψ(t)ihψ(t)|] and ρ(2)[= ρS(t)]:

Lemma: δ ≡ D(pρ(1) , pρ(2)) ≤ kρ(1) − ρ(2)kTr

The bound is tight in the sense that it is saturated for the optimal 
measurement designed to distinguish the two states.

kAkTr ≡ Tr
√
A†A =

P
(singular values(A))



Partial trace decreases trace distance

Lemma: kρ(1)S − ρ(2)S kTr ≤ kρ(1)SB − ρ
(2)
SBkTr



Partial trace decreases trace distance

Lemma: kρ(1)S − ρ(2)S kTr ≤ kρ(1)SB − ρ
(2)
SBkTr



Partial trace decreases trace distance

Conclusion: we can compare dynamics of ideal and actual systems over the
joint system-bath space.

Lemma: kρ(1)S − ρ(2)S kTr ≤ kρ(1)SB − ρ
(2)
SBkTr



Ideal vs Actual System Evolution

Ideal system: H = HS +HB

ρidealSB (t) = [US(t)⊗ UB(t)]ρSB(0)[U†S(t)⊗ U†B(t)]

U̇S/B = −iHS/BUS/B US/B(0) = I
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ρSB(t) = U(t)ρSB(0)U
†(t) U̇ = −iHU U(0) = I

Ideal system: H = HS +HB

ρidealSB (t) = [US(t)⊗ UB(t)]ρSB(0)[U†S(t)⊗ U†B(t)]

U̇S/B = −iHS/BUS/B US/B(0) = I

Actual system: H = HS +HB +HSB

Distance:
kρSB(t)− ρidealSB (t)kTr = kV (t)ρSB(0)V †(t)− ρSB(0)kTr

V (t) ≡ U†S(t)⊗ U †B(t)U(t) ≡ exp[−itHeff(t)]

Lemma: kρSB(t)− ρidealSB (t)kTr ≤ tkHeff(t)k∞
follows from keiA − eiBk∞ ≤ kA− Bk∞; kAk∞ ≡ sup|vi,hv|vi=1

q
hv|A†A|vi = max sing.val.(A)



Kolmogorov Distance Bound from Effective Hamiltonian

V (t) ≡ U†S(t)⊗ U †B(t)U(t)

Lemma: δ ≡ D(pρ(1) , pρ(2)) ≤ kρ(1) − ρ(2)kTr

Lemma: kρ(1)S − ρ(2)S kTr ≤ kρ(1)SB − ρ(2)SBkTr

(trace distance bounds 
Kolmogorov distance)

(partial trace decreases
distinguishability)

≡ exp[−itHeff(t)]

Lemma: kρSB(t)− ρidealSB (t)kTr ≤ tkHeff(t)k∞

δactual,ideal ≤ tkHeff(t)k∞ ≡ η(t) ≡ noise strength



Goal: reduce effective Hamiltonian. 

Method: dynamical decoupling.

δactual,ideal ≤ tkHeff(t)k∞ ≡ η(t) ≡ noise strength



Goal: reduce effective Hamiltonian. 

Method: dynamical decoupling.

How do we compute Heff(t)? The Magnus expansion

U̇ = −iH(t)U
U(t) = e−itHeff(t)

Heff(t) =
1

t

∞X
j=1

Ωj(t)

Ω1(t) =

Z t

0

dt1H(t1) Ω2(t) = − i
2

Z t

0

dt1

Z t1

0

dt2[H(t1),H(t2)]

δactual,ideal ≤ tkHeff(t)k∞ ≡ η(t) ≡ noise strength



Analysis of Dynamical Decoupling



“Symmetrizing group”

 

of pulses { gi }

 

and their inverses are applied in series:

Periodic DD: periodic repetition of the universal DD pulse sequence

exp( )SBiH τ≡ −f

† † †
2 2

†
1 1( ) ( )( ) exp( )i SB iN iNg g g g g g g Hi gτ≈ − ∑f f f

first order Magnus expansionfirst order Magnus expansion
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of pulses { gi }

 

and their inverses are applied in series:

Choose the pulses so that: 

Periodic DD: periodic repetition of the universal DD pulse sequence

† 0SB i SB ii
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Dynamical Decoupling Theory



“Symmetrizing group”

 

of pulses { gi }

 

and their inverses are applied in series:

Choose the pulses so that: 

For a qubit the Pauli group G={X,Y,Z,I } (π pulses around all three axes) removes an 
arbitrary HSB

 

:

Periodic DD: periodic repetition of the universal DD pulse sequence

(XfX)(YfY)(ZfZ)(IfI) = XfZfXfZf

† 0SB i SB ii
H H g H g≡ =∑(1)

eff Dynamical Decoupling ConditionDynamical Decoupling Condition

exp( )SBiH τ≡ −f

† † †
2 2

†
1 1( ) ( )( ) exp( )i SB iN iNg g g g g g g Hi gτ≈ − ∑f f f

first order Magnus expansionfirst order Magnus expansion

Dynamical Decoupling Theory



Another view of the universal decoupling sequence:

The Effective Hamiltonian

τ

exp[ ]SBi Hτ≡ −f

δ

X Z ZX

f f f f'
=

f

exp[ ( )]

                    ( )=0, ideally
eff
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Another view of the universal decoupling sequence:

The Effective Hamiltonian

τ

exp[ ]SBi Hτ≡ −f

δ

X Z ZX X

f f f f f'
=

f

exp[ ( )]

                    ( )=0, ideally
eff

eff

iTH T

H T

≡ −f'

But, errors accumulate…: ( ) 0effH T ≠



Periodic Dynamical Decoupling

PDD Strategy: repeat the basic XfZfZfXfZ cycle with total of N pulses. 

The total duration is fixed at T. N can be changed. 

Pulse interval:

Recall noise strength

norm of final effective system-bath Hamiltonian times the total 
duration.

τ = T/N

η ≡ ||Heff(T )||T



Periodic Dynamical Decoupling

PDD Strategy: repeat the basic XfZfZfXfZ cycle with total of N pulses. 

The total duration is fixed at T. N can be changed. 

Pulse interval:

Recall noise strength

norm of final effective system-bath Hamiltonian times the total 
duration.

PDD leading order result for error:

Can we do better?

τ = T/N

η ∝ N−1

η ≡ ||Heff(T )||T



DD as a Rescaling Transformation

• Interaction terms are rescaled after the DD cycle 

• We need a mechanism to continue this

J = J (0) 7→ J (1) ∝ max[τ(J (0))2, τβJ(0)]

β 7→ β +O((J (0))3τ2)

J= kHSBk∞
β= kHBk∞



Concatenated Universal
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into its own free evolution periods f :

p(1)= X f   Z f   X f   Z f
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Concatenated Universal

 
Dynamical Decoupling

Nest the universal DD pulse sequence

 

into its own free evolution periods f :

p(1)= X f   Z f   X f   Z f
p(2)= X p(1)Z p(1)X p(1)Z p(1)

p(n+1)= X p(n)Z p(n)X p(n)Z p(n)

Level Concatenated DD Series after multiplying Pauli matrices

1 XfZfXfZf

2 fZfXfZfYfZfXfZffZfXfZfYfZfXfZf

3 XfZfXfZfYfZfXfZffZfXfZfYfZfXfZfZfZfXfZfYfZfXfZffZfXfZfYfZfXfZfXfZf 
XfZfYfZfXfZffZfXfZfYfZfXfZfZfZfXfZfYfZfXfZffZfXfZfYfZfXfZf

Length grows exponentially; how about error reduction?



Performance of Concatenated Sequences

2 2 2 2 2 2 2error  (error)   ((error) )   (((error) ) )    (error)
k

k



For fixed total time T=Nτ
 

and N zero-width (ideal) pulses:

Compare to  periodic DD: 

Performance of Concatenated Sequences

[Khodjasteh & Lidar, PRA 75, 062310 (2007) ]

2 2 2 2 2 2 2error  (error)   ((error) )   (((error) ) )    (error)
k

k

η ∝ N bN−c logN

η ∝ N−1



Experiments



adamantene;
qubit = 13C

PDD=CDD1

CDD2

CDD3

Concatenated DD on Adamantene Powder 
Dieter Suter, TU Dortmund



CDD Results
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Concatenated DD for electron spin of 31P donors in Si 
Steve Lyon, Princeton

31P donor: Electron spin (S) = ½, 
Nuclear spin (I) = ½

↑e,↓n

↑e,↑n

↓e,↑n

↓e,↓n
νrf1

νμw1 νμw2

νrf2

|1〉

|0〉

29bath is Si
~1% natural abundance



Periodic DD vs
 

Concatenated DD
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Better than Concatenated DD?

Does there exist an optimal pulse sequence?

Optimal = removes maximum decoherence 
with least possible number of pulses



Better than Concatenated DD?



Better than Concatenated DD?

OR



Better than Concatenated DD?

OR



Better than Concatenated DD?



Better than Concatenated DD?

“Quadratic DD” eliminates the first n orders in the Dyson series of the
joint system-bath propagator using n2 pulses

Concatenated DD requires 4n pulses to do the same, approximately



Inner workings of Quadratic DD

j, k ∈ {1, n}



Inner workings of Quadratic DD

j, k ∈ {1, n}

For every value of n, the first
√
n terms in the Dyson series are removed



Comparison of DD Sequences



Summary

• Symmetry as a unifying principle for both passive and active error 
prevention/correction strategies

• A comprehensive strategy can take advantage of a layered 
approach:



Hybrid Q. Error Correction: The Big Picture
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Hybrid Q. Error Correction: The Big Picture

DFS 
encoding

-
 

symmetry not for free…

DD

FT-QEC

-pulse errors,

Markovian effects



Open Questions

• What is the optimal hybrid strategy?

• Is the fault tolerance threshold better for a 
 hybrid strategy?

see: H.‐K. Ng, D.A.L., and J. Preskill, “Combining dynamical decoupling with 

 fault‐tolerant quantum computation”, arXiv:0911:3202 
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