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Annealing as a Way of Optimization

Ising Problem:

Find a set of § = %1 that minimizes

F(§):Zh$+zjussj’ $=[8:Sm 8]

i,j=1

F

¥ Local Minimum

A

Global Minimum

i

Ising Problem is NP-Hard



Classical (Thermal) Annealing

Consider a physical system with energy:

i

Global Minimum

Thermal fluctuations take the system
out of the local minima




Classical (Thermal) Annealing

Consider a physical system with energy:

H = E[ZNJHS + ZN:JijSSjj

i,j=1

Boltzmann distribution: P=z"%>"

Partition function: Z=Tre"" = Ze-En/T
n

Thermal annealing: change T slowly from T, . to O

Or: keep T constant and change E from Oto E_



Quantum Annealing

N Tunneling
:Zhg‘ ZJ” . amplitude
=1 I,)=1 \
— N A(t)
Hamiltonian: H = E(HP —I'(t)Z:Ji ) r(t) = o
=1

Y>>

Quantum fluctuations (tunneling)
keep the system out of the local minima




Quantum Annealing
— Zha' Z_J” |
Hamiltonian: H = E(H . I'(t)ZN: Jixj () = Az(é)

Quantum annealing: change I slowly from I to O



Phase Transitions

During annealing the system may go through a
phase transition

Phase transition: Transformation of a thermodynamic
system from one phase to another due to some
external change (e.g., temperature, pressure, etc.)



Classical Phase Transition

Ferromagnetically coupled spins H=-3) oo}
(i.1)
o, T age s v vl
ot bt
Magnetization: m

ferromagnet : paramagnet

T T

C




Thermal Equilibrium

P. = Probability of finding the
system in state 1 with energy E

o E/keT
Boltzmann distribution: P =

| Z

Partition function: 7 = Z g Eilksl
i



Free Energy

Let us write

e 10 o

7 — Ze—Ei/kBT — o F/keT
i

—

F=-k,TInZ

Free energy



Free Energy

Let us write

_Ei /kBT

R ==
Z

e 11 e

7 — Ze—Ei/kBT — o F/keT
i

—> F=-k,TInZ=E -k, TInP



Free Energy

Let us write / = Ze_Ei 'keT = g F/keT
o Ei/keT |
P = Z —> F=-k;TInZ=E -k;TInP

—p 2 RF=2 RE-kT) RInR
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Free Energy

Let us write / = Ze_Ei 'keT = g F/keT
o Ei/keT |
P = Z —> F=-k;TInZ=E -k;TInP

—p 2 RF=2 RE-kT) RInR
>R=1 0 | F=E-TS

Average energy: E = Z PE

Equilibrium (Boltzmann) distribution is the
minimum of the free energy




Second Order Phase Transition

N
Order parameter (magnetization) m = <Z 0'i2>
T> T<T,
F F

J \

J Y
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BN

Continuous

transition

T

C



First Order Phase Transition

N
Order parameter (magnetization) m= <Zg‘_
=1
T>T, - T<T,
m
| Discontinuous

e 15 ¢

transition



Quantum Phase Transition

Hamiltonian: H =—Jzﬂizﬂf—rqu
<i j> [

r=0: Large I:

Pttt
Pt

T
T
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Quantum Phase Transition

Hamiltonian: H = —J<_Z>Jfa“f —FiZUiX
o Pttt large I
Pttt T
Free energy: F=(yH|g)=E-TK
E = —J<w\%a205\w> K=W|2aly)

Minimum of the free energy Is the ground state

e 17 o




Classical vs. Quantum

Free energy:

Measure of disorder:

Free energy minimum:

Disorder:

Control parameter

e 18 o

Classical

F=E-TS
S=-ks ) PInP
Thermal equilibrium

Thermal mixing

T

Quantum

F=E-TK
K=ol
Ground state
Superposition

-
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AQC and Quantum Phase Transition
AQC Hamiltonian:

N
H=@Q1-A)H,+AH, =A(HP —rZafj
i=1

CA(L-A)
)

-

A=0 Complete disorder (superposition)

A=1 Complete order (uniqgue ground state)

. Transition from disorder to order
(quantum critical point )



2" Order Quantum Phase Transition

E 1t Omin Localized
state

N//k\—/ E)=[G)

2N
E)=2"3 ) g,

Large superposition

e 20 ¢



2" Order Quantum Phase Transition

E 1t Omin Localized
state

N//k\—/ E)=[G)

2N
E)=2"3 ) g,

Large superposition

Order Parameter

e 21 o



Spectral Gap

S. Sachdev, “Quantum Phase Transitions”,

—O
—0

Cambridge University Press (1999) X; _
X
Correlation function: T T T
O—O—0—0-0
—I =Xl ¢
<0'i20'jz> — <0'IZ><0'JZ> s " Correlation
length

At the critical point all correlation lengths diverge

1
¢~ ;
M _Ac | "~ Critical
/ exponents
gmin - 5—2

Universal behavior:

22



Spectral Gap

For an infinitely large system
L - oo L

f_,oo gmin_’o i'

For a finite size system
E~L~N"" =) gu,~&°~L?~N"

For a 2D lattice (d=2): O ~ N %2

O --O—0O0——C0O

e 23 e



15t Order Quantum Phase Transition

Large superposition

‘ Eo> — 2—N/2

Order Parameter

(e

024.

-

g 4
/\\Eo>=e>

o

w.

1
————— m =2w, —N

A

Local
minimum

B =[L)

minimum

m. =2w; — N

\ Hamming

/ weight



Perturbation Expansion
M. H. S. Amin and V. Choi, PRA 80, 062326 (2009)

H=H),+ H’
Unperturbed Hamiltonian: Hy=\Hp
Perturbation Hamiltonian: H = (1-\NHp

Hp = —& Z h-jgjf 4 Z ']jkgj o Small parameter:
J 3.k :

F_(1=NA
Hp = —A) of | AE
J

Hg can only cause single bit flips

e 25 ¢



Oth Order Perturbation

Ecx — E(_(IU) -+ Ec(tl) -+ Ec(lz) + ...

Hy=MHp t—p EY = \EF

E .
0

Local
minimum

Ef’/

EFE Global
G +— .
— minimum

026
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1t Order Perturbation

EWY = 1=\ (aDHga") =0

Cx

E .
0

Local
minimum

Ef’/

EFE Global
G +— .
— minimum




2" Order Perturbation

Ecx — E(_(IU) -+ Ec(tl) -+ Ec(lz) + ...

| | VO H 5 [12(0))]2 1 \)2
2 (2) 2 N H|n™) 7 _( |
E.
0
Local
minimum
Ef’/
pE « Global
— minimum
0 1 A
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2" Order Perturbation

“ 1 —\)? 1 — \)?
Eqg=Ep =FE" = )\Ef—( ;) ) XL = AE — ( ;) ) XG
1
oo 14 [ BL=EG
E . XL — X@&
Local
minimum
Global
minimum




Minimum Gap

Guin = 2|(L|H|G)| = 2(L V| H|G)

N\

Perturbed states Perturbed Hamiltonian

Local
minimum

Global
minimum

e 30 ¢



Minimum Gap

H = (1-

31

MNAS o7 Minimum bit flips = f

0 0 O Y
LOVH Y @O H 1) (0 | HY GO

. (
HLG’ — Z ’
e (BY-BIVES B (B -E )

'ml

(GOLH YA 7 ) HYLO)

m—1

Hop =3

0 0 0 0 0 0
(B —BYEY B (BB )

'm,l

L dS

Jmin — 2 \/HL-GHGL

(1—\5)A f+—— Hamming distance
Jmin |: e :| K between global and

local minima
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What type of local minimum can create
first order quantum phase transition?

H= (1- A) Hg + A H,

/ .
Kinetic part Potential part
= .
. 0 Potential ener
Correction 9y
due to Local
kinetic \ ini
~ minimum
part P o
gl <« Global
— minimum
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What type of local minimum can create
first order quantum phase transition?

Answer: A local minimum that can benefit more from
the kinetic part than the global minimum

The system should move more freely
within the local than the global minimum
(more possibilities with less energy cost)

Example:

Degenerate local
minima — Global

/ minimum




Maximum Independent Set (MIS) Problem

An independent set in a graph is a set of vertices that
are not connected directly to each other

Maximum
Independent ———» :
Set

Independent Set ——» 7

MIS Is NP-hard

e34 .



(Weighted) MIS Hamiltonian

Hp = _4{2\/\/09 _Z‘Jijxixj} X LL00,

Jij >WLW,

e 35



(Weighted) MIS Hamiltonian

Hp = _4{2\/\4)9 _Z‘Jijxixj} x 0103, ‘]ij >VVi’WJ'
| i, ]

_l+of
% 2
HP:_ZHU ZJIJ [ j




MIS Example

Maximum \/ \/
Independent Set ~— @ N/ = = = = =\=/= = = =
P \‘ :

(global minimum)

e 37 o
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MIS Example

27 Maximum

Independent Sets \
(global minima)

e 38 e




MIS Example




MIS Example

Ve



M. H. S. Amin and V. Choi, PRA 80, 062326 (2009)

27-fold degenerate
local minimum

e \’; © ;‘, ’
(MIS) L

Degenerate local
minima A .

/ minimum
41 e




MIS Example
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Weighted MIS

1

1

043



Spectral Gap

o 44 o




Two Interesting Quantities

Magnetization (as an order parameter): M=~ > (Wolo i)
N —

Spread of the wave-function: — Z | (1o|m)

w= 3 = s=l

S = fraction of states participating in the superpo

e 45 o

sition



Order Parameter & Wave Function Spread

10 |

05} min
n |
| . 0
\ A*
0.8 11 (b) L 0.1
1
0.6r% (== ————— -0.2
w =
\ |——)
0.4y ! 1-0.3
\ 1
0.2 L 1 1-0.4
____________ |
0 T : e ' —0.5
0 ) 0.2 0.4 0.6 0.8 |
R-C h
N
¥, 1
- J[:—T E <L0‘O' ‘LO)
9 E : N 44—
Z =1
n—=1
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Minimum Gap

Barrier height AU =4(2-W)—0

AE=122-W)—0 S W2

-0 = éxact diaéonizatic;n
=—&— perturbation AU
0.8; () 7
0.6] N \
. e | AE
0.4 o~ -

—1
0.2 . Ef _ EF
= (1 + \/ L (7)
| | | | XL — XG




Minimum Gap

7\’*

Barrier height

0.8¢
0.6¢
0.4}

0.2}

= © =exact diagonization
=—&— perturbation

gmin

AU = 4(2-W)— 0

AE=122-W)—0 S W2

=== Exact diagonization

" | == Full perturbation

=8 Perturbation (exact A*)

1.5 1.6 1.7
W

1.8

1.9
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The gap Is exponentially sensitive to W

2
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